Abstract. In this paper we establish conditions for the maximal, Pe 
passive tracer in incompressible fluid flows. Being a problem of a great interest in both engineering and physics, it has attracted a lot of attention in both of these fields (see the reference list). A physical problem is the following: an initial distribution of passive, diffusive particles is placed in an incompressible velocity field and allowed to evolve. The second moment of the distribution of convecting and diffusing particles is a particularly interesting quantity: it gives the average size of the cloud of particles.
Of course, the second moment is dependent on time, and at large times it grows linearly with time if the diffusive limit is reached. The constant obtained by dividing the second moment by time and taking the limit when time goes to infinity is the quantity we are interested in. It is called the effective diffusivity (see the precise definition in 2). The effective diffusivity naturally depends on the nondimensional number in the problem, balled the Peclet number, which is defined as where U is the characteristic velocity, is the characteristic lengthscale, and D is the molecular diffusivity of particles.
Most previous studies of the effective diffusivity for laminar, deterministic velocity fields have focused on steady two-dimensional, spatially periodic velocity fields. This case already exhibits a variety of interesting behavior. To emphasize similarities and differences between our analysis and the analysis in the steady case, we first need to define some terminology. We call (in the spirit of Khinchin [26] ). There have been many studies of the motion of a nondiffusive passive scalar in spatially and time-periodic velocity fields recently (see the references in [18] ). These studies are mostly numerical. What is typically observed is that the motion of a particle can be either chaotic or regular, depending on initial conditions. Thus, some particles visit large portions of the physical space without diffusion being present, while others move along regular trajectories, much as in the steady case. Much attention has been devoted to the determination of the large time asymptotic behavior of the dispersion in certain directions for an ensemble of nondiffusive particles, which is often shown to be propdrtional to the square of time (ballistic behavior), as opposed to the diffusive case where the dependence on time is linear. It is shown rigorously in this paper, based on the arguments in [18] and [19] , that the ballistic behavior of the dispersion in a certain direction is a consequence of the nonergodicity of the velocity component in that direction. Thus, a clear analogy arises between the above conditions for the Pe behavior of the effective diffusivity in the steady case and the conditions for t 2 behavior of the nondiffusive dispersion. We exploit that analogy in our study of effective diffusivity in time-periodic velocity fields. Our results show that, as soon as we include diffusive effects in the description of motion, the fact that the nondiffusive motion is chaotic does not necessarily change the dependence of the effective diffusivity on the Peeler number. Just as in the steady case, it is the ergodicity in a certain direction of the nondiffusive motion that determines the effective diffusivity.
The amount of previous work on the effective diffusivity in time-periodic velocity fields is not large, although there is a significant number of natural phenomena that can be modeled by a convection-diffusion equation with time-periodic coefficients (for a list of these natural phenomena, see [7] , [8] ). Dill and Brenner studied the effective diffusivity in time-periodic flows both in spatially periodic [8] and Taylor dispersion [7] 
where (x, t) denotes a point on A. When we use the term "time average" in this paper, it will always mean the time average along a Lagrangian particle trajectory.
The reader will note that we use the term "velocity field" where a fluid dynamics term would be "flow," e.g., "duct velocity fields" instead of "duct flows." This is introduced to preserve the precise meaning of the term "flow" customary in dynamical systems literature.
We shall often state that some statement is valid "almost everywhere" on A. This is always meant in the sense of measure theory. A measure on A is a function from a certain subset .4 of all sets on A to IR, which assigns to each set in .4 a number in IR. In our case, for any B E A, #(B) reads
where the integration is meant in the Lebesgue sense. # is a positive function on 4, i.e., #(B) >_ 0 for every B E A. Also, # is a probability measure, i.e., #(A) 1. Now, the validity of the statement "almost everywhere" on A will always mean that the measure of the set in A on which that statement is not valid is zero, or, equivalently, that the measure of the set on which the statement is valid is 1. Thus, A and the set on which that statement is valid are the same, in the sense of measure theory. It can be shown, using homogenization theorj for parabolic differential operators (see, e.g., [3] ) that, after subtracting the mean drift, on large temporal and spatial scales, i.e., when 5 0, and with the initial condition c(x, 0) c0(x) varying on large spatial scales compared with the velocity field, the resulting process is diffusive. In that limit, c(x, t) converges weakly.in L to (x, t), where satisfies 0 (5) 0--+ (v}. V DA (for details of a procedure leading to (5), see [17] ). In (5) (7) 0---+ ((v} + v'). VX-DAX -v'.
In [8] an equation analogous to (7) was developed. In that work, X is denoted by B and called the B-field. Equation (7) is the basis for our analysis of the relationship between the effective diffusivity and ergodicity of the flow generated by the vector field v(x, t) on A. We shall restrict our attention to the symmetric part of the effective diffusivity tensor (6) . This restriction is common in the literature (see, e.g., [15] , [14] 
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It is convenient for analysis to put the cell equation (7) in integral form. First note that the effective diffusivity in the direction of a unit vector e is given by (9) Dyme" e D ( For an equivalent result in the steady case, and numerical simulation of some interesting crossover phenomena between small Pe and large Pe limits of Pe 2 behavior of the effective diffusivity divided by the molecular diffusivity, see [15] . In fact, all the results in this subsection carry over to the steady case. [18] with an additional application to dispersion in fluid velocity fields provided in [19] . We shall now establish, as a corollary of that work, the meaning of (22) [18] Pe behavior of the effective diffusivity in the steady case was proposed in [14] . It is not hard to show that (j. e)) -(v. e)* the Poincar5 map P, (22) [30] and Young, Rhines, and Garrett [29] , which we discuss in terms of the concepts introduced above. The analysis in previous sections can be extended to three-dimensional, time-periodic duct velocity fields, the study of which closes this section.
4.1. Accelerator modes. In the dynamical systems literature an accelerator mode is an invariant region surrounding an elliptic fixed point p of the map P, such that all initial conditions in that invariant region have the same nonzero time average of the jump function j. e in some direction e. Physically, particles starting in the region referred to as an accelerator mode move to infinity with the same average speed, while their mutual distance stays bounded.
Let us be more precise about the above definition of an accelerator mode in the case when P is a Poincar5 map derived from a time-periodic, spatially periodic v(x, t).
Let p be an elliptic fixed point for P. Let (j. e)(p) 0, for some e. Then, using the fact that v(x, t) is Lipschitz continuous, and the result proven in [20] for a general continuous area preserving map P, we deduce that there is an invariant region D, of positive measure, around p such that (j. e),(p) (j. e)(p) (j. e)(p) pl D. This means that all the particles starting in' D have the same time average of the jump in the direction of e, and that time average is equal to the value of j. e at p, which is not zero. Therefore, D is an accelerator mode.
We shall show that, assuming the existence of an elliptic fixed point p such that (j. e)(p) 0 (so, as argued above, an accelerator mode exists), and assuming that (27) ((j. e)} -(j. e)(p), the velocity field v(x, t) posesses a maximal effective diffusivity in the direction of e.
By Birkhoff's ergodic theorem ((j. e)} ((j. e))}s. Hence, using the condition (27) , there must be a region E in T2/D of positive measure such that (j. e)) (j. e)(p) in E. Therefore, (j. e)) is not a constant almost everywhere. So, by (26) there is a maximal enhanced diffusivity in the direction of e. Note that (27) is easily checked if v is explicitly given:
((j e)} -((v e)}. In [18] Mezid and Wiggins numerical evidence was presented that showed that the conditions above are satisfied for certain parameter values in a model of RayleighBenard convection. Additional numerical evidence, for a different model of the same problem, is presented in [23] . These authors also make a connection between the accelerator mode islands and lobe dynamics, as developed in [24] . Karney , Rechester, and White in [11] used heuristic methods to derive the above result for the special case in which P is the standard map. (28) and the fact that {v(x))s 0, ((j. e))} 0, and (j. e)) must be different from zero on a set of positive measure in T2/D. This means that (j. e)}, is not a constant almost everywhere, and so, by (26) This velocity field is a two-dimensional, spatially and time-periodic perturbation of a cellular velocity field, satisfying (28) . The time scales for integration of (1) such that the scaling in (29) is obtained should typically be very long (O(1/e)) for e small. 4.
3. An oscillatory shear flow. Zeldovich [30] and Young, Rhines, and Garrett [29] consider the following velocity field: (30) v(x, t) (32) (see [9] for examples of steady duct velocity fields). Mezid and Wiggins [21] have proved that any incompressible velocity field admitting a volume-preserving symmetry can be transformed to the above form. In particular, every Euler velocity field admits a volume-preserving symmetry, which is generated by the vorticity field. We shall assume that the x y components of (32) satisfy the conditions on two-dimensional velocity fields imposed in previous sections, but the analysis can be extended to velocity fields which are bounded, but not periodic in x and y. We shall refer to the x-y components of (32) as the cross-section.
We are interested in finding the effective diffusivity in the direction of z, (33) Now we can discuss the difference between steady velocity fields of the form (32), with f(z,y) 2(x,y), discussed in [15] , and time-periodic velocity fields. In particular, it was concluded in [15] [27] , [28] ). But, as the whole cross section is not ergodic, the effective diffusivity in the direction of z is still maximal, i.e., Dsy,ez .ez Pe2. As the strength of the perturbation, is increased, a larger portion of A might become ergodic, ultimately leading to ergodicity on the whole A. At that point the effective diffusivity in the direction of z is not maximal. So, the time dependence of the cross sectional velocity field provides a mechanism for the transition in the behavior of the effective diffusivity for duct velocity fields which have cross-sectional velocity field with zero mean. This was not possible in the steady velocity fields of the type considered in [15] . 5 . Conclusions. We have provided tools for the study of maximal effective diffusivity in two-dimensional, time and space-periodic flows, and in three-dimensional, time dependent flows admitting a volume-preserving symmetry. Of course, the analysis of maximal effective diffusivity in three-dimensional, space and time periodic flows can be done along the same lines. But, there is much less knowledge of a kinematical structure for three-dimensional maps and flows, then for two-dimensional ones. Our study could be extended to more general time dependences upon establishment of the relevant homogenization theory (however, see [3] for a "weak" homogenization theorem for flows with the almost periodic time dependence).
It would be interesting to provide numerical or experimental evidence for the "phase transition" phenomena predicted in 4.
